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Abstract: In this paper we derive the semiparametric efficiency bound in time
series models of conditional quantiles under a sole strong mixing assumption.
We moreover provide an expression of Stein’s (1956) least favorable parametric
submodel. Our approach can be summarized as follows: first, we characterize the
class of M—estimators that are consistent for the the conditional quantile param-
eter. We show that these estimators are asymptotically normal, and determine
the minimum of their asymptotic covariance matrices. Second, we construct a
fully parametric submodel that satisfies the conditional quantile restriction and
contains the data generating process. Finally, we show that this submodel is the
least favorable, i.e. the asymptotic covariance matrix of its maximum likelihood

estimator is equal to the above minimum.

1. Introduction

In his seminal paper, Stein (1956) proposed a general method for obtaining semipara-
metric efficiency bounds that has been further studied by Begun, Hall, Huang, and
Wellner (1983) and Bickel, Klaassen, Ritov, and Wellner (1993). In particular, the
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latter have developed an information calculus framework based on local asymptotic
normality (LAN) and regularity of parameters of interest to derive Hajek-LeCam style
convolution theorems for regular estimators. Most of the literature has focused on in-
dependent and identically distributed (iid) data as the study of sufficient conditions
to satisfy the convolution theorem hypotheses has been largely successful in this set-
ting. While dropping the iid assumption does not alter the validity of the convolution
theorems, generalizing the sufficient conditions to satisfy them is still a challenge in
time series contexts (Bickel and Kwon, 2001; Bickel, Klaassen, Ritov, and Wellner,
2005; Wellner, Klaassen, and Ritov, 2006).

This explains why the study of the non-iid case has first focused on time-series
models in which some finitely parameterized transformation of the data leads back to
the iid case. See e.g. Kreiss (1987) and Drost, Klaassen, and Werker (1997) who have
derived general conditions under which LAN conditions hold (see also Hallin, Ver-
mandeley, and Werker (2004)). Hence, the construction of semiparametric efficiency
bounds is possible in such models, where the iid assumption of the innovation also al-
lows for adaptive estimation in the sense of Bickel (1982). For example, this approach
could be used to obtain the semiparametric efficiency bound in the following linear

quantile regression model with ARCH errors (Koenker and Zhao, 1996):
Y, = 0W, + (1 +9[Ua U, (1)

where W, = (1,Y;_1)’, the process {(Y;, W/)'} is strong mixing, the error sequence
{U:} is independent of {W;} and iid with some absolutely continuous distribution
function Hy(-) (continuous density ho(-)) such that H,'(a) = 0 for a € (0,1). Here,
6 is the parameter of interest and ~ and hg are two nuisance parameters where the
latter is infinite dimensional.

More generally, consideration of information bounds and efficient estimation has
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been extended to nonparametric stationary Markov chains, where the parameter of
interest satisfies a conditional moment restriction. See e.g. Greenwood, Miiller, and
Wefelmeyer (2004) for a current state of the art in this area. The time series model we
study in this paper more closely falls in this category as the parameter of interest
satisfies a conditional quantile restriction, though we do not restrict the data to be a
stationary Markov Chain requiring it to be strong mixing only. In (1), this occurs when
the sequence of errors {U,} is itself strong mixing. In this case, there exists no finitely
parameterized transformation that would bring us back to the iid case. In other words,
the time-dependence of the sequence {U;} introduces an additional nonparametric
component that complicates the derivation of the semiparametric efficiency bound
for 6. In the words of Bickel, Klaassen, Ritov, and Wellner (2005), “none of these
[LAN results] have been extended to honestly semiparametric contexts.” Moreover,
as the results by Pfanzagl (1976) and Fabian and Hannan (1982) indicate, adaptive
estimation is not possible here thereby rendering nontrivial the derivation of the

semiparametric efficiency bound.

In this paper, we use Stein’s (1956) original definition and construct a “least favor-
able” submodel to derive the semiparametric efficiency bound in time-series models
subject to a parametric conditional quantile restriction. To do so, we first charac-
terize the class of M~ (or extremal) estimators (Huber (1967)) that are consistent
for the parameters 6 of the conditional quantile. We show that these estimators are
asymptotically normal under strong mixing, and we determine the minimum of their
asymptotic covariance matrices. These results are of interest by themselves. In a sec-
ond step we construct a fully parametric model that satisfies the conditional quantile
restriction and contains the data generating process. We study the asymptotic prop-

erties of the maximum likelihood estimator (MLE) of such a parametric submodel.
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In particular, we show that the asymptotic covariance matrix of this MLE, which
is the inverse of the Fisher’s information matrix, happens to be equal to the above
minimum. Stein’s (1956) argument then implies that the latter asymptotic covari-
ance matrix is the semiparametric efficiency bound for ¢, while the constructed fully

parametric submodel is a least favorable one.

As is known, least favorable models do not always exist. Examples when they do are
the symmetric location model and the linear regression model where adaptive estima-
tion is possible, and more recently, the normal bivariate copula model (Klaassen and
Wellner (1997)), where adaptive estimation is not possible. When a least favorable
model of same dimensionality as the parameter of interest is available, recent results
by Murphy and der Vaart (2000) on profile likehoods (Severini and Wong (1992)) can
be used to develop likelihood ratio type tests and confidence intervals in semipara-
metric models. Though our least favorable submodel has the same dimensionality as
the parameter of interest, the absence of a convenient partitioned or variation-free
parameterization (6,7n) with 6 defined through a conditional moment restriction and
7 infinitely dimensional complicates the application of Klaassen and Wellner (1997)

results.

Of independent interest, Komunjer (2005) has characterized the class of quasi MLEs
(QMLESs) that are consistent for the parameter ¢ in the conditional quantile restric-
tion. Such a class is seen to be strictly included in the class of consistent M—estimators.
In general, one can think of the class of GMM estimators as being the widest one.
Then comes the class of M—estimators which can be viewed as just-identified GMM
estimators. Finally comes the class of QMLEs which is the class of M—estimators
whose objective functions satisfy an additional “integrability” condition and can thus

be interpreted as quasi-likelihoods.
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In models for conditional quantiles, efficient estimators are contained in the class of
M-estimators. Hence, at least from a semiparametric efficiency viewpoint, no advan-
tage is gained by considering GMM over M—estimators. Interestingly, our results show
that the QMLE class is not sufficiently large to attain the semiparametric efficiency
bound. On the other hand, as the latter is the minimum of the asymptotic covariance
matrices of consistent M—estimators, a natural question is whether the bound can
be attained. In Komunjer and Vuong (2007) under additional assumptions including
smoothness ones, we propose a feasible M—type estimator that is semiparametrically
efficient i.e. that achieves the semiparametric efficiency bound.

The remainder of the paper is as follows. In Section 2 we define our notation and
introduce models for conditional quantiles. Section 3 characterizes the class of M-
estimators that are consistent for the parameters of such models, provided they are
correctly specified. In the same section we show that such estimators are also asymp-
totically normally distributed with an asymptotic covariance matrix whose expression
depends on the form of the M—objective function being minimized. We then derive the
minimum bound of the above family of matrices. Section 4 discusses Stein’s (1956)
definition of parametric submodels and proposes a parametric submodel of the condi-
tional quantile semiparametric model. In the same section, we show that this model
is the least favorable one thereby providing the semiparametric efficiency bound. We

relegate all the proofs to the end of the paper.

2. Setup

2.1. Notation and Definitions. Consider a stochastic sequence (a time series)
7 = {Z,,t € N} defined on a probability space (Q, B, P) where Z : Q — RO+FUN

and RN ig the product space generated by taking a copy of R**! for each integer,
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ie. RHON = oo R+l ¢ N. To simplify, we assume that for any 7 > 1, the
joint distribution of Z r = (Z1,..., Zr) has a positive continuous density fz..(-) on

R™+DT 5o that conditional densities are everywhere defined.

We partition the random vector Z; as Z; = (Y;, X])" and are interested in the
distribution of its endogenous (scalar) component, denoted Y;, conditional on its own
lags as well as the past and present values of the exogenous n-vector X;. Specifically,
we consider the family of subfields {W;,t € N} where W, = o(Z,;-1,X;) is the
information set generated by the sequence of conditioning vectors up to time ¢. For
every t, 1 <t < T,T > 1, we let F?(-) denote the conditional distribution function
of Y; conditional upon W, i.e. FP(y) = P(Y; < y:|W) for every y € R with f2(-) its
conditional probability density. Letting X r = (X7, ..., Xr), and using the fact that
X,’s are exogenous (so that their distribution is independent of the lagged values of
Y;), we then have that fz,.(z7) = [[1—, f°(v:) | fx »(z 1), where lowercase letters are

used to denote the realizations of the corresponding random variables.

Throughout the paper we assume that for every ¢, 1 < t < 17,7 > 1, FP(:) is
unknown and that it belongs to F which is the set of all absolutely continuous distri-
bution functions on R with bounded density that is continuously differentiable, and
whose derivative is bounded as well. In other words, there exist constants My, M; > 0

such that sup,s; sup,eg fi (1) < My < 0o and sup,s, sup,eg |dfY (y)/dy| < My < oco.

The notation we use is standard: If V' is a real n-vector, V- = (Vi,..., V), then |V|
denotes the Ly-norm of V, ie. [V[2=V'V =37 V2 If M is a real n X n-matrix,
M = (M;;)1<i j<n, then |M| denotes the Lo-norm of M, i.e. |M| = maxig j<n | M5,
and M denotes a generalized inverse of M. If A is a positive definite n X n-matrix,
then A=Y/2 = P where P is invertible such that PAP’ = Id where Id denotes the

n X n-identity matrix.
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Let f: E —- R,V — f(V), with E C R*" and V = (V4,...,V},)’, be continuously
differentiable to order R > 1 on E. Let r = (11, ...,7,) € N if |r| < R then D" f(V) =
ol f(V)JoV{* ..oV where |r| = ry+...+7, represents the order of derivation. If r = 0
then D°f(V) = f(V). Further, let ! = r!..r,,! and V" = V/*...V™. Then, for any
(V,Vy) € E? the (familiar) expression in a Taylor expansion of order R can be written

s Dy TV =V0)" = T X et Riavymatry (Vi = Vi) (Vi = Vo),
for 1 < I < R. For example, when R = 1, we have >, D"f(Vo)(V — V)" =
FVo) + S0 [0F (Vo) /OVi)(Vi — Vi) (Schwartz, 1997). When R > 2, we let Vy f(V)
denote the gradient of f, Vy f(V) = (0f(V)/IV;,...,0f(V)/IV,), and use Ayy f(V)
to denote its Hessian matrix, Ayy f(V) = (9% f (V) /OV:OV))1<ij<n-

Finally, the function I : R — [0, 1] denotes the Heaviside (or indicator) function:
for any x € R, we have (z) = 0 if x < 0, and I(z) = 1 if z > 0 (Bracewell,
2000). The Heaviside function is the indefinite integral of the Dirac delta function
6 : R — R, with I(z) = [ dd, where a is an arbitrary (possibly infinite) negative
constant, a < 0.

2.2. Models for conditional quantiles. In this paper we do not consider the
conditional distribution FP(-) in its entirety but rather focus on a particular condi-
tional quantile of Y;. For a given probability o € (0, 1), we denote by M a model for
the conditional a-quantile of Y;, M = {q,(W;,0)}, parametrized by 0 in ©, where
© is a compact subset of R¥ with non-empty interior, S) # (), and in which W, is a
random m-vector, W; € R™, that is W;-measurable. In what follows, we restrict our
attention to conditional quantile models M in which the set of following conditions

is satisfied:

(A1) (i) the model M is identified on ©, i.e. for any (01, 05) € ©2 we have: qo(Wy, 61)
= qo(W,02),a.s. — P, for every t, 1 <t < T,T > 1, if and only if 01 = 0, (ii)
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for every t, 1 <t < T,T > 1, the function qo(Wy,-) : © — R is twice continu-
ously differentiable on © a.s. — P; (iii) for every t, 1 < t < T,T > 1, the matrix

Voqoa (Wi, 0)Voqoa (Wi, 0) is of full rank a.s. — P for every 6 € ©.

The set of conditions in (A1) is fairly standard and generally verified for a wide
variety of conditional quantile models. In what follows, for any given M we shall
denote by Q the range of q,,i.e. Q={¢ € R:q¢=qu(w,0),0 € O,w e R}, Q CR.

One crucial assumption that we make in our analysis, and which is of different
nature than the conditions above, is that the model M is correctly specified, so that
there exists some true parameter value 6y such that FP(q,(W;, 6p)) = a, for every t,

1<t<T, T > 1. In other words, we assume the following:

(A2) given a € (0,1), there exists 0y € © such that E[1(qa(Wy,00) — Y)Wy =

a,a.s. — P, forevery t, 1 <t <T, T > 1.

In other words, for any t, 1 <t < T,T > 1, the difference between the indicator
variable above and « is assumed to be orthogonal to any WW,-measurable random

variable.

3. Semiparametric estimators for conditional quantiles

In this paper we consider a particular family of semiparametric conditional quantile
estimators known as M- (or extremal) estimators (Huber, 1967). M—estimators for
0o, denoted 07, are obtained by minimizing criterion functions of the form W () =
T-1 Zthl oYy, ga(Wy, 0),€,) where forevery ¢, 1 <t < T,T > 1, pis areal function of
the variable of interest Y}, the quantile ¢, (W;, #) and a (possibly inifinite-dimensional)
random variable £, : 2 — Ej, i.e. ¢ : Rx Q x E; — R. The variable £, can be thought

of as a shape parameter of the objective function ¢. We assume the following:
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(A3) (i) for every t, 1 < t < T,T > 1, & is W,-measurable; (ii) for every t,
1<t < T, T > 1, the function (-,-,-) is twice continuously differentiable a.s. — P

on R x Q x Ey with respect to its second argument (q).

By assumption (A3)(i), the random variable ¢, is allowed to depend only on vari-
ables contained in W, i.e. §, is predictable (see e.g. Greenwood, Miiller, and We-
felmeyer (2004)). In particular, if we consider objective functions ¢ that depend on
some estimator based on the observations of Y; and W, up to time T—xkernel es-
timators of conditional distributions or densities are examples—then (A3)(i) fails
to hold. The requirement (A3)(ii) allows for objective functions such as |y — ¢| or
[ — T(q — y)](y — q), for example. Note that in those two cases the shape &, of ¢
remains constant over time.

An important subfamily of the class of M—estimators defined above, is that of quasi-
maximum likelihood estimators (QMLEs) (White, 1982; Gourieroux, Monfort, and
Trognon, 1984; Komunjer, 2005). If in addition to (A3), we assume that there exists
areal function ¢ : R x E,— R, (y,&,) — ¢(y,&,) < 0o, independent of ¢, and such that
Jrexple(y, &) — e(y, ¢, &))dy = 1 for all (¢,&,) € Q x E;, then we can let fov;,0) =
exple(Yy, £,)—o(Yi, qa(Wi, 0),€,)], and fO(-,0) can be interpreted as a (pseudo) density
of Y; conditional on W;. Hence, any minimum 67 of the function W (6) above, is also a
maximum of the (quasi) log-likelihood function Ly (6). Indeed, we then have Ly (6) =
[0, fo(Y;,0)] +1n fx (X 1), and only the first term is a function of §. However,
due to the above “integrability” constraint—that [, exple(y,&,) — ¢(y,¢,&,)]dy = 1
for all (q,&,) € Q x Ey—the class of QMLEs is included in that of M—estimators. We
shall come back to this issue in our next section in which we focus on M—estimators
for 6y that are consistent.

3.1. Class of consistent M—-estimators. What are necessary conditions for
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the M—estimator 07 satisfying (A3), to be consistent for the true conditional quantile
parameter 0y in (A2)7 The key idea behind the answer to this question is fairly simple.
Assume that the process {Z;} and the functions ¢(-, -, &,) are such that 6, — 6% % 0,
where 6% is a unique minimum of E[Ur(0)] = T~ 3., Elp(Y:, ¢u(Wi,6),€,)] on o.
Note that 69 is also called the pseudo-true value of the parameter §. Then a necessary
requirement for consistency of p is that 65 — 6, — 0 as T becomes large. In what
follows, we restrict our attention to estimators 67 such that 6 remains constant, i.e.
VT > 1 we have 6. = 6°_. Then, the class of M-estimators that are consistent for 6
is obtained by considering all the functions ¢(-, -, £,) under which 6°, = 6.

Note that the requirement of having 6% = 6, for all T > 1 is stronger than that
of having 5. — 6y (see White (1994, p.69-70) for a discussion). This implies that
0o can be consistently estimated by minimizing objective functions that are different
from the ones derived below, as long as the expected value of this difference converges
uniformly to zero with 7. An important example in which the condition 6. = 6, for all
T > 1 fails is when the shape &, of the objective function ¢ depends on observations
up to time 7" and is therefore not W;-measurable.

We now provide a more formal treatment of consistency. A set of sufficient assump-

tions for 7 — % 2 0 is (see Theorem 2.1 in Newey and McFadden, 1994):

(A4) {Z;} and (-,-,&,) are such that: (i) for every t, 1 <t < T,T > 1, and every
0 €0, |D"o(Y:, qa(W,0),&,)| < mp(Ye, Wi, &), a.s. — P, where E[m,.(Y;, W, £,)] <
oo, for r = 0,1,2; for any T > 1, (ii) E[V1(0)] is uniquely minimized at 6°, € o,
and (iii) suppeg |Ur(0) — E[¥r(0)]] 2 0.

Note that the above are not primitive conditions for consistency of 6. For ex-

ample, the dominance conditions in (A4)(i) are typically implied by more primi-
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tive assumptions on the existence of different moments of Y;, W; and &,. Condi-
tion (A4)(ii) states that % is a minimum of E[W¥r(6)] and that this minimum is
moreover unique. The first requirement involves more primitive conditions on dy/dq,
0%p/0q¢® and Vyq,, which depend on the shape &, of ¢ and the functional form
of q,. For example, a sufficient set of conditions for #°, to be a minimum is that
T 3 ElVep(Ye, qa(Wi, 0%,),6)] = 0 and T7 S50, E[Agpp(Yr, ga(Wr, 6%,),&,)] >
0. Finally, the uniform convergence condition (A4)(iii) can be obtained by applying
an appropriate uniform law of large numbers to the sequence {¢(Y:, go(W4,0),&,)}-
Implicit in (A4)(iii) are primitive assumptions on the dependence structure and het-
erogeneity of the process {Z;}, and on the properties of p(Y;, go (W4, -),&,). A simple
example is one where {Z;} is iid and the functions ¢(Y;, go (W4, -), ;) are Lipshitz-1;
a.s. — P on O.

The above pseudo-true value 920 of the parameter 6 equals the true value 6, if and
only if, for any 7" > 1, 0y minimizes E[¥7(0)]. A necessary and sufficient requirement

for 6°. = @ is given in the following theorem.

Theorem 1 (Necessary and sufficient condition for consistency). Assume that
(A1), (A3) and (A4) hold. If the true parameter 0y satisfies the conditional moment
condition in (A2), then the M-estimator O is consistent for 0y, i.e. O — 6 20, if
and only if there exist a real function A(-,-) : R x Ey— R that is twice continuously
differentiable and strictly increasing with respect to its first argument (q ory) a.s.— P
on @ X E;, and a real function B(-,-) : R X E;— R, such that ©(y,q,&,;) = [a— 1(q —
D[A(y, &) —Alq, &)+ By, &), a.s.— P on Rx QX Ey, for everyt, 1 <t < T, T > 1.

In other words, if for any given sample size T' > 1 we are interested in consistently
estimating the conditional quantile parameter of a continuously distributed random

variable Y; by using an M—estimator 67, then we must employ an objective function
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\IJT() = T_l Zthl @(tha QQ(Wta ')7 gt) with

(:0(}/;7 QQ(Wta ‘9)7 ft)

= [a = W(ga (W, 0) = Y)I[A(Y:, &) — Alga(We, 0), &) + B(Y3, &), (2)

a.s.— P, forevery t, 1 <t < T. Using objective functions of this form is also a sufficient
condition for 7 to be consistent for the true parameter 6y of a correctly specified
model for the conditional a-quantile. Note that the real functions A(-,-) and B(:,-) in
Theorem 1 need not have the same shape parameter: we can let £, = (£'y,, 5;)" where
&4 and &g, are the shapes of A(-,£,,) and B(-,£p,), respectively. For simplicity, we
write A(-,&,) and B(-,&,) with the understanding that changing the shape of A(-, )
may not affect the shape of B(-,-) and vice-versa.

Given that we restrict our attention to objective functions in which (A3)(ii) holds,
the function A(-, ;) in Theorem 1 needs to be twice continuously differentiable a.s.— P
on Q. The continuity and differentiability of A(-,£,) need not hold on R\Q. The
fact that there are no requirements on A(-,&,) outside the range of q,(W;, ) is not
surprising, given that changing the objective function outside Q does not affect the
values of Jy/dq, and therefore has no effect on the optimum of Wr. The fact that
A(-,&,) is necessarily strictly increasing a.s. — P on Q, comes from the requirement
(A4)(ii) that 6°, be an interior minimum of E[¥7 ()] on ©. As previously, there are
no requirements on the monotonicity of A(-,£,) on R\ Q. Finally, note that there are
no restrictions on the function B(-,¢,), as expected, since changing it does not affect
the optimum of the objective function Wr. In what follows we set B(-,§,) identically
equal to 0, which does not affect any of our results but has the benefit of simplifying
the notation.

Well-known examples of conditional quantile estimators that satisfy Theorem 1

are: (1) Koenker and Bassett’s (1978) unweighted quantile regression estimator for
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which A(y,§,) = y, for all y € R; (2) Powell’s (1984, 1986) left (right) censored
quantile regression estimator obtained when, for all y € R, A(y,&,) = max{y, ¢}
(A(y,&,) = min{y, ¢ }) with an observed censoring point ¢; (3) weighted quantile
regression estimator, proposed by Newey and Powell (1990) and Zhao (2001), in which
for all y € R, A(y,&,) = wyy where w, is some nonnegative weight, as well as its
censored version for which A(y,§,) = w; max{y, c¢;}. Note that A(-,§,) = max{-, ¢}
satisfies the strict monotonicity requirement a.s. — P on Q because, in the censored
quantile regression case, q,(Wy,00) = ¢, a.s. — P, as discussed by Powell (1984, p
4-6). The intuition behind this inequality is simple: suppose Y; = ¢, a.s. — P for all
t,1 <t <T, T > 1. Then any value 0y for which ¢,(W;,6y) < ¢, a.s. — P for all
t, 1 <t < T, T > 1,is a minimum of E[Ur(6)], which in that case equals 0. This
violates the uniqueness assumption (A4)(ii), and hence affects the consistency of 0.
The latter is restored by requiring that g,(W;, 6y) > ¢, a.s. — P for a large enough

portion of the sample (see Assumption R.1 in Powell, 1984). An analogous result

holds for the right censored case.

We now show that the class of objective functions WU7(#) leading to consistent
conditional quantile M-estimators is (strictly) larger than that leading to consis-
tent QMLEs. To simplify the comparison, assume that Q@ = R. As pointed out
previously, the main difference between the two classes of estimators lies in the
“integrability” condition on the (pseudo) conditional densities fO(-,6) of Y; condi-
tional on W,. Compare the objective function in Theorem 1 with the family of tick-
exponential (pseudo) densities which give consistent QMLESs for 6, (Komunjer, 2005):
FOY:.6) = a1l — a)a(Vi, &) exp{[Lqa(Wi,0) — ¥i) — aJ[A(Yi, &) — Alga(Wi,0),€,)]}
with A(+,&,) twice continuously differentiable and strictly increasing a.s. — P on R,

with derivative a(y,&,) = 0A(y, &,)/0y.
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For f2(-,0) to be a probability density on R, we need lim, ..., A(y,&,) = oo,
for any t, 1 <t < T,T > 1. These limit conditions restrict the possible choice of
functions A(+,¢,) in Theorem 1. They follow directly from the quantile restriction
ff‘;(jwt’e) f2(y,0)dy = «, which is equivalent to (1 — ) exp|[—(1 — a)A(qo (W, 0), €,)] %
ffgiwt’a) a(y, &) exp[(1 — a)A(y, &,)]dy = 1, so that, upon the change of variable u =
A(y, &), necessarily A(q,&,) — —oo as ¢ — —oo. Combining the above quantile
restriction with the condition f; f2(y,)dy = 1 yields the result for the limit in +o0
by a similar reasoning.

For example, consider any distribution function Fy(-) in F having a density fi(-)

that is continuously differentiable a.s. — P, and let

Aly. &) = Fi(y), (3)

for any y € R. Note that the parameter Sf in the objective function A(,f’f) in
Equation (3) corresponds to the conditional distribution Fi(-) which is stochastic and
W;-measurable. Under the assumptions of Theorem 1, the M—estimator «9?, which

minimizes U5 (0) = TS, o(Yi, ¢a(Wi, 0), £F) with
P (Ve 4o (W, 0),€)) = [ = T(ga(We, 0) = YOIF(Y)) = Fi(aa(We )], (4)

is consistent for 6. However, the corresponding function A(-, &) in (3), bounded
between 0 and 1, does not satisfy lim, ;. A(y,§,) = £oo. As a consequence, the
class of consistent QMLESs is strictly smaller than that of consistent M—estimators.
To resume, we have shown that an M-estimator 01 that satisfies (A3) is consistent
for 6y if only if the objective functions ¢(-, -, &,;) are of the form given in Theorem 1.
From the functional form of (-, -, &,) in (2), it follows that the asymptotic properties
of @7 only depend on the choice of A(-,&,) since changing B(+, ;) does not affect the

minimum of W1(#). Before considering a particular class of functions A(+,&,), which
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makes the asymptotics of 7 optimal, we need the asymptotic distribution of the
latter. We derive the asymptotic distribution of 67 in the next section.

3.2. Asymptotic Distribution. We start by imposing the following assumptions,
in addition to (A1)-(A3):

(A5) for every t, 1 <t < T,T > 1, the functions A(-,&,) : R — R in Theorem 1
have bounded first and second derivatives, i.e. there exist constants K >0 and L >0
such that 0 < 0A(q,&,)/0q < K and |0°A(q,&,)/0¢*| < L, a.s. — P on Q X Ey;
(A6) 0y is an interior point of O;

(AT) the sequence {(Yy, W/)'} is a-mizing with o of size —r/(r —2), with r > 2;
(A8) for some e >0 (i) SUD) </ <1 51 Elsuppeg |Voga (W, 0)|2+9)] < oo, SUD; << 51
Elsuppee [800Ga (W, 0)["] < 00; (i) supqerrsi Elsupgee |A(ga(Wr, 0),8,)"] <

00, and supygcrr BI|AY 6] < oo

In addition to (A2) and (A3), we now require the functions A(-, ;) to have bounded
first and second derivatives (A5). The boundedness property is used to show that
oYy, qo(Wy,+), &,) are Lipshitz-L; on © a.s. — P. This implies that any pointwise
convergence in § becomes uniform on ©. Note that we can obtain a similar implication
by an alternative argument, if the objective functions ¢(Y;, o (Wi, ), §,) are convex
in the parameter 6.

The convexity approach has been elegantly used to derive asymptotic normality of
the standard Koenker and Bassett’s (1978) quantile regression estimator by Pollard
(1991), Hjort and Pollard (1993) and Knight (1998), for example. In the case of this
estimator, the functions A(-,&,) are linear and hence ¢(Y;, qo (W4, ), &,)’s are convex
in 0, no matter which conditional quantile model ¢, in (A1) we choose. Recall that

o(Y:, g (W4, +), &,) is convex in a neighborhood of 6y if and only if the real function
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s — [p(Ye, (Wi, 00 + vs), &) — ©(Yr, ga(We, 00),€,)]/s is increasing in s € R (v €
R¥). This condition holds for any conditional quantile model M in (A1), only if the
functions A(+,&,) have zero convexity, i.e. are linear.

Unfortunately, the convexity in 6 of the objective functions p(Y;, o (W4, -), €,) does
not hold for general (nonlinear) A(-,&,)’s, such as the ones in (4). Therefore, we
cannot rely on the convexity argument in our asymptotic normality proof. We are
forced to abide by the classical approach which, though generally applicable, has the
disadvantage of being more complicated and requires stronger regularity conditions,
such as those in (A5).

Our assumptions on the heterogeneity and dependence structure of the data are,
on the other hand, fairly weak. We allow the sequence {(Y;, W/)'} to be nonstationary
and our strong mixing (i.e. a-mixing) assumption in (A7) allows for a wide variety
of dependence structures (White, 2001). Assumption (A7) is further accompanied by
a series of moment conditions in (A8) which guarantee that the appropriate law of
large numbers and central limit theorem can be applied.

In the special case corresponding to Koenker and Bassett’s (1978) quantile regres-
sion estimator for linear models g, (W;, ) = 0'W;, the set of moment conditions (AS8)
reduces to: sup; ;<7751 E[[Wi2 9] < 00 and sup;;<qrs1 E[|Yi|] < .

The asymptotic distribution of 67 is given in the following theorem.

Theorem 2 (Asymptotic Distribution). Under (A1)-(A3) and (A5)-(A8), we
have (£3)"2AWT (07 — 0p) > N(0,1d), where A% = L 31 Ela(qa(Wi, 00), €,) %
f2(aa(W,00))Voqa (Wi, 00)Voqa (W, 00)'], X9 = %2321 a(l — a)Ela(qa(Wr, 00),&,)?
XVoqa(Wi, 00)Voqa (Wi, 00)'], and alqs, &) = 0A(q:,€,)/0q: a.s. — P on Q x E;.
Theorem 2 shows that (A1)-(A3) and (A5)-(AS8) are sufficient for the M-estimator

O to be consistent and asymptotically normally distributed. Note that these assump-
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tions are primitive, unlike (A4). The asymptotic variance of 67 has the usual “sand-
wich” form (A%)7'¥9.(A%)71: AY is the Hessian matrix of the M—objective function
Ur(6), ie. A) = %ZtT:l E[Agop(Yi, qa(Wi, 00),&,)] with (-, -, +) as in (2); X is the
outer product of the gradient of Ur(0), i.e. £% = E[VyUr(0)Ve¥r(0)']. The expres-
sion for X9, in Theorem 2 then follows from the fact that {Vo(Y:, ¢o (Wi, 00),&,), Wi}

is a martingale difference sequence, which is itself implied by the correct specification

assumption (A2) and the W;-measurability of the shape &, of A(-,-) in (A3)(i).

In particular, the M—estimator 0? proposed in (4) satisfies the conditions of Theo-
rem 2, provided the conditional probability densities f;(-) are differentiable a.s.— P on
R with bounded first derivatives, so that |f/(y)| < L, a.s.— P on R. Moreover, the mo-
ment conditions in (A8) are less stringent for % than for Koenker and Bassett’s (1978)
estimator: they reduce to E[|W;|>"+9)] < oo, if the conditional quantile model is lin-
ear, for example. The fact that the moment conditions imposed on Y; disappear in the
case of 0% is simply due to the fact that—any conditional distribution function Fy(-)
being bounded between 0 and 1—we always have E[supgce |Fi(qa (W, 0))]"] < 1
and E[|F;(Y;)]"¢] < 1 so that (A8)(ii) is automatically satisfied. This difference is of
particular importance in applications in which we have reason to believe that higher
order moments of Y,—order higher than 2—do not exist. In such applications, it is
unclear what the asymptotic properties of Koenker and Bassett’s (1978) estimator

are. On the other hand, 67 still converges in distribution at the usual v/7T rate.

3.3. Minimum Asymptotic Variance. Using Theorem 2, we can now rank all
the consistent and asymptotically normal estimators constructed in the previous sec-
tion by their asymptotic variances. Note that this ranking is useful, as we do not
allow M—estimators to be superefficient. Superefficiency is ruled out by our continu-

ity assumptions on f2(-), go(Ws,-) in (A1)(ii) and a(+,&,) in Theorem 1. Typically,
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the asymptotic distribution of superefficient estimators is discontinuous in the true
parameters, and our continuity assumptions rule out this discontinuity.

Using Theorem 2, we have (S97)"V2A% VT(0F — 6,) % N(0,1d), with A% =
T S Elfi(ga(We, 00)) £2(00 (Wi, 00)) Voaa (Wi, 00) Voga (Wi, )], and £9:7 = T
ST a(l—a)Elfi(qa(Wi, 00))2Vaqa(Wi, 00) Voga(Wi, 6p)']. Clearly, changing the dis-
tribution function Fi(-) in (3)—hence in (4)—affects the asymptotic covariance ma-
trix of the corresponding M-estimator 6%, through the density term f,(-) appearing
in the expressions of A%F and E%F. In particular, this result suggests that appro-
priate choices of Fi() in (4) lead to efficiency improvements over Koenker and Bas-
sett’s (1978) conditional quantile estimator.

Specifically, when f;(-) and the true conditional density f(-) coincide at the true
quantile g, (W;, 6y), we have £9:7 (A%") =" = a(1—a) Id. In other words, this particular
choice of f;(-) seems to lead to a conditional quantile M—estimator with the minimum
asymptotic covariance matrix. The next theorem makes our heuristic argument more

rigorous.

Theorem 3 (Minimum Asymptotic Variance). Assume that (A1)-(A3) and
(A5)-(A8) hold. Then the set of matrices (A%)7'E%(AY) ™ has a minimum V3! given
by Vi = a(l—a){T" 2, ELf(4a(Wi, 60))*Vada(Wi, 00) Voaa(Wi, 60)' ]} ", attained
by the M-estimator 0 of 0y which minimizes Wi(0) = TS0 o(Yi, qa(Wi, 0), &)
where ¢(y, q,&;) = [0 = Mg = yIF(y) — F(q)], a.s. = P, on R x Q x Ey, for every
L1<t<T.T>1.

Theorem 3 shows two important results. Firstly, the matrix V! is the lower bound
of the set of asymptotic variances of all the consistent and asymptotically normal
M-estimators of 6 that satisfy (A3): i.e. for any &, and A(-, ;) in Theorem 1, the

difference between the corresponding asymptotic covariance matrix (A%)~1X%.(AY) !
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and V} is always positive semidefinite. Secondly, Theorem 3 shows that this lower
bound is attained, i.e. that there exists an optimal M—estimator 67 whose asymptotic
covariance matrix equals V. As a result, V? is the minimum asymptotic variance
matrix of the class of M—estimators considered here.

The optimal M—estimator is obtained by minimizing the objective function W.(0) =

71 Z;‘le oYy, qu(Wy,0), &), in which
0(Yr, 4a(Wy,0), &) = [ — Wga(Ws, 0) — YIIFY (Y1) — F(a(W1,0))],  (5)

a.s. — P, for every t, 1 <t < T,T > 1. In particular, the shape & of the optimal
objective function in (5) is that of the true conditional distribution F)(-), which
is stochastic and W, -measurable as required by (A3)(i). Even though the optimal
M-estimator 67, satisfies all the assumptions in (A3), note that its computation is
not feasible, as the true conditional distribution F(-) is not known. Finally, it is
worth pointing out that the optimal M—estimator 67 is not a member of the QMLESs
whose limit restrictions on A(-, &) exclude the possibility of choosing A(-, £F) to be
a distribution function.

What Theorem 3 does not show is whether V is also the semiparametric efficiency
bound for 6y, in addition to being the minimum of the set of asymptotic covari-
ance matrices of consistent and asymptotically normal M—estimators. We provide an

answer to this question in the next section.

4. Parametric estimators for conditional quantiles

The starting point of the previous section was the correct specification assumption
(A2): it defined a conditional moment restriction which identified the conditional

quantile parameter #y. The question which we now pose is: what fully parametric
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estimators of 6y can we construct that satisfy the conditional quantile restriction in
(A2)7?

4.1. Stein’s (1956) approach: an example. Stein’s (1956) original concern was
the possibility of adaptive estimation: can we estimate the parameter 6y in the condi-
tional quantile restriction (A2) as precisely as if we knew the set of true conditional
densities O = {f2(-),1 <t < T,T > 1}, up to some finite dimensional parameter?

We illustrate it using the example given in the Introduction.

Recall that the model in (1) is pure time-series: there are no exogenous variables
X; so Z; = Y;. The conditioning set is W, = o(Y ;1) where Y, 1 = (Y1,..., Y1),
and the conditional quantile of Y; is assumed to be linear §'W; with W; = (1,Y;_,)".
4.1.1. Case 1: iid with finite dimensional nuisance parameter. Assume that U,’s are
iid with know distribution function Hy(-) (and density ho(+)) such that H;'(a) = 0.
The conditional density of Y; in the linear quantile regression model (1) then equals
f2@W) = (14 7o|Ui—1]) " ho([1 + 7o U1 ]ty — 0,W3]), and its conditional a-quantile
is given by 6, W,, where 6, and v, denote the true values of the parameters § € © C
RF k=2and vy €T CR,.

Here, the true set of conditional densities f° belongs to the parametric family P,
P={f(n),n €ll} with f(n) ={fi(-,n) : R =R, 1<t < T, T > 1}, indexed by a
finite-dimensional parameter n € I C RP: = (',7) e I =O xTand p =k + 1.
The members f(n) of P are fi(y,n) = (1 +|Ui—1|) " ho([1 + 7|Us—1|] [y — 0'Vi]), for
all t, 1 <t < T,T > 1. In this situation, the parameter of interest # has a lower
dimensionality than 7: dimé = k and dimn = p = k+ 1. We can write 6 = 6(n), with
6 : II — © being some continuously differentiable function, and interpret the rest of

7 as a nuisance parameter (Stein, 1956; Bickel, 1982).

Let 7, index the true set of conditional densities of Yy, i.e. f(n,) = fY, so that
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the true value of interest 6 is now written as 6y = 6(n,) where 1, = (65,7,)-
The above parametric model f(n) is regular (Bickel, 1982; Begun, Hall, Huang, and
Wellner, 1983), all the conditional densities f;(-,7,) satisfy the conditional quantile
restriction (A2) and are continuously differentiable on R, and f;(Y}, -) is continuously
differentiable on II a.s. — P. The true value 6y of 6 can be estimated by using a
maximum likelihood approach. Given T' > 1, denote by Lr(n) = In fy (Y 1) the log-
likelihood function. Then Ly (n) = 321, In fi(V;, 7). Also, let Ip(n) denote the Fisher
information matrix of the parametric model P, Ir(n) = T E[V,Lr(n)V,Lr(n)'].
Then, a regular estimator 67 of 6, is efficient if and only if (C)~Y/2/T (61 — 6;) <,
N(0,1d), with C9. = V,0(ny)(I7(ny)) " V,0(n,) (Bickel (1982)). In the special case
where the sequence {(Y;, W/)'} is iid, several authors have derived necessary and

sufficient conditions for the MLE to be efficient.

4.1.2. Case 2: iid with infinite dimensional nuisance parameter. Now consider a more
realistic situation in which the true density of U; in (1) is entirely unknown. Instead, f°
are only known to belong to a class S which contains all parametric families such as P.
Unlike in P, the sets of densities in § are indexed by an additional infinite dimensional
parameter. In the case of our model (1) this infinite dimensional parameter is the
unknown probability density hg(-) of the error term U;. The density ho(-) could be
any probability density in a set H—set of all families A of probability densities on R,
which satisfy H'(a) = 0.

The set S is the union of all parametric sub-families P, = {f.(n),n € I} obtained
when h is a smooth mapping h : T — H which associates a density h,(-) = h(-,7)
in ‘H to a finite dimensional parameter 7 € T C R" with ho(-) = h(-,70), 70 € Y.
For any given h, the parametric submodel f,_(n) is defined as fi,.(n) = {fn.+(-,n) :

R — Rf,1 <t < T, T > 1}. In addition, for any 7 € T, the conditional densi-
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ties fn.¢(-,n,) satisfy the conditional quantile restriction (A2), are continuously dif-
ferentiable on R, and such that f, (Y}, -) are continuously differentiable a.s. — P
on II. As previously, consider the log-likelihood function under P, Lpr(n,7) =
S fua(Yem), let Inr(n,7) = T E[NV oy Lie (0, 7)Y iy oy L (1, 7)'] be the
corresponding Fisher information matrix, and assume that the standard regularity
conditions (Bickel, 1982; Begun, Hall, Huang, and Wellner, 1983) are satisfied. In
particular, the matrix I;7(n,, 7o) is such that its k x k upper left corner CY, =
Vo +y0(M0) (Inr(Ng, T0)) TV oy y0(n) is nonsingular. Then, following Stein (1956),
the semiparametric efficiency bound for the conditional quantile parameter 6 is de-
fined as the supremum of C?;. over those h. If such a bound is attained by a particular

family h*, then P* = Py« is called the least favorable parametric submodel.

4.1.3. Case 3: non-iid with infinite dimensional nuisance parameter. Finally, con-
sider the case in which the errors U; are no longer iid, and let 29 denote the joint
density of Up = (Uy,...,Ur), for T > 1. In the two previous cases h % was uniquely
determined by the marginal density hy of U;; now, b9 contains an additional non-
parametric component which is the time-dependence across different terms in the
error sequence {U;}. Still assuming the independence of {U;} and {W,}, we have
that P(Y; < 0,WiW) = P((1 + vo|Ui—1|)Ur < O|W,) = P(U; < 0) where the
last equality uses the fact that v, € R,. Hence, irrespective of the time-dependence
structure across different U,’s, the conditional quantile of Y; still equals 631, pro-
vided P(U; < 0) = a. We therefore assume that h % belongs to the set Hy of all joint

probability densities on R? whose marginals have zero a-quantile.

Similar to previously, we let & be the union of all parametric sub-families P, . =
{fns.(n),n € II} obtained when hr is a smooth mapping hr : T — Hp which as-

sociates a joint probability density hr,(-) = hr(-,7) to 7 € T C R", with 1% =
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hr(-, 7o) for some 79 € Y. The parameter 7 now parameterizes all the marginal
densities of U,’s as well as their dependence. For any given A, the parametric sub-
model fy.(n) is defined as fur, (n) = {furo(om) i R — RS 1 < ¢ < T,T > 1)
with fp,,. (Y%, ) continuously differentiable a.s. — P on II, fj,,+(-,n,) continuously
differentiable on R, and such that the conditional quantile restriction (A2) is sat-
isfied. We denote by Ij,,r(n,7) = T 'EN ¢y 7y Lm0, T)V iy ry L pr(n,7)'] and
Ly,r(n,7) = Ethl In f, .. +(Y:,n) the Fisher information matrix and the log-likelihood
function of the parametric submodel Py, ., respectively. Provided, again, the regularity
of the model and nonsingularity of C}, 1 = V(7 0(10) (In 7719, 70)) TV 2y 8(1),
we can apply Stein’s (1956) definition of the semiparametric efficiency bound for 6,
to be the supremum of CETT over the mappings h 7. Like in the previous case, if this
supremum is attained by a particular family i %, then P* = P is called the least
favorable parametric submodel.

4.2. Parametric Submodel for the Conditional Quantile Restriction. We
now go back to our general setup in which the conditioning set ¥, not only contains
lagged Y;’s but also present and past values of the exogenous random n-vector Xj.

The conditional quantile restriction in (A2) is equivalent to the following model:
}/; - qa<907 Wt) + €t, (6)

in which E[I(e;)\ W] + o = 0,a.s. — P, for any ¢,1 <t < T,T > 1. The dependence
assumption in (A7) implies that {(W/, €)'} is strong mixing. The model (6) contains
our example (1) as a special case: € = (1 + ~,|U;_1])Us.

We now construct a parametric submodel of the conditional quantile model (6)
by following the same steps as in the previous section. Recall that the log-likelihood
function then equals [ 32,_, In f2(y,) ] +In fx . (z 7). In other words, the log-likelihood

function is the sum of two terms: the “conditional” log-likelihood of the Y;’s and the
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log-likelihood of the X;’s. Since the latter are exogenous, their log-likelihood does not
depend on any parameters that enter the conditional distribution of the Y;’s. Hence,
the analysis in our previous section still applies provided we replace the log-likelihood
function with the “conditional” log-likelihood function. The parameter n now reduces
to #; the parameter 7 used to parameterize the joint densities is set to be 6 itself.
Given M and the set of true conditional densities f* = {f,1 < ¢t < T.T >
1}, consider the parametric submodel P* = {f*(0),0 € O} parameterized by the
conditional quantile parameter 6 in which f*(0) = {f/(-,0) : R — Rf,1 < t <

T,T > 1} with

fi (y,0) = fi(y) x
a(l — a)A(0) exp{AO) [F(y) — F(ga(We, 6))][1(ga (W, 0) — y) — o]}
1 — exp{A(0)[1 — F(ga (W2, 0)) — Lga(We, 0) — 9)][A(qa(W:,0) — y) — al}’

for all y € R, where A(6) = A(6 — 6p) and A : R* — R is at least twice continuously
differentiable on R* with A(-) > 0 on R¥\{0}, A(0) = 0, V4A(0) = 0, AgeA(0)

(7)

nonsingular and |AgyA(+)| < oo in a neighborhood of 0.

The following theorem shows that P* is a parametric submodel in &, i.e. that:
(i) for any ¢, 1 < ¢t < T.7T > 1, f(-,0) is a probability density for all § € ©; (ii)
for any ¢, 1 <t < T,T > 1, f(-,0) satisfies the conditional quantile restriction
Ey[1(qga (W3, 0) = Y;) — a|lWy] = 0,a.s. — P, for all § € ©, where Ey(-|)WV,) denotes the
conditional expectation under the density f;(-,0) for Y; given W;; and (iii) that P*

contains the true data generating process f° € P*.

Theorem 4 (Parametric Submodel). Under (A1)(ii) and (A2), the parametric
submodel P* defined by (7) is a submodel of S.

The analytic expression of the parametric submodel presented in Theorem 4 is

new. In particula, the density f; (-, ) is not of the ‘tick-exponential’ form derived by
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Komunjer (2005): it depends on the true density fP(-) as well as the true value 6
and contains terms such as A(#). Note that a simple function A(-) which satisfies the
conditions of Theorem 4 is A(z) = 2'x.

In the parametric submodel P*, # parameterizes both the conditional quantile
model M and the shape of f/(-,6)—in other words, the shape of fy(-,0) is now
determined by f?(-) and 6 (see Figure 1 for a purely location model of a conditional
median when the true density is double exponential). In particular, the density f;"(+, )
is discontinuous for all values of # different from 6y; when 6 = 6, the density f; (-, o)
equals the true density f2(y) which is continuous.

Because P* is a parametric submodel of the set S of all densities satisfying the

conditional quantile restriction in (A2), the semiparametric efficiency bound for 6, is
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by Stein’s (1956) definition at least as large as the asymptotic variance of the above

MLE é*T We derive the asymptotic distribution of é*T in the following theorem.

Theorem 5 (Asymptotic Distribution of the MLE). Under (A1)-(A2) and
(A6)-(A8)(i), the asymptotic distribution of the MLE 6. associated with P* is given
by (V)Y2VT (07 — 00) > N(0,1d) where V2 is as defined in Theorem 3.

Recall from Theorem 3 that VP is the minimum of the asymptotic variances of
the consistent and asymptotically normal M-estimators of #5. On the other hand,
Theorem 5 shows that there exists a parametric submodel P* in which the MLE é;
of the true parameter 6, has the same asymptotic covariance matrix V2. It follows,
first, that the parametric model P* is the least favorable parametric submodel in S,

and, second, that V2 is the semiparametric efficiency bound.

Corollary 6 (Semiparametric Efficiency Bound). Under (A1)-(A2) and (A6)-
(A8)(1), Vi = a(l = a){T7" X1, Bl (4a(Wi, 60))* Voo (Wi, 00) Voaa (W, 60) ]} 7" is
the semiparametric efficiency bound with efficient score [a(1—a)] 72 f2(qa (W5, 8p)) X
Voga (W, 6o).

That V3! is the semiparametric efficiency bound has the following interpretation:
when the only thing we know about the model is that it satisfies the conditional quan-
tile restriction (A2), then we cannot estimate the true conditional quantile parameter
6o with precision higher than that given by V.. Note that our result uses the mo-
ment restriction (A2) only; we do not make any additional assumptions regarding the
properties of the error term ¢€; in (6) (other than those contained in (A2) and (AT7)).
In particular, we allow for {¢;} to be dependent and nonidentically distributed.

Perhaps the most important aspect of Corollary 6 is that it relaxes the inde-

pendence assumption. So far as time series data are concerned, two leading sit-
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uations in which the independence is violated come into mind. First is a quan-
tile regression model in which W, contains serially dependent exogenous variables
or/and lags of Y;, but where the residuals are uncorrelated (though possibly condi-
tionally heteroskedastic). There are some results on this case in Newey and Powell
(1990), under the additional assumption that {(Y;, W/)'} is iid. The authors derive
the semiparametric efficiency bound for the parameters in the linear quantile regres-
sion q, (W, 0) = 6'W, by allowing for conditional heteroskedasticity (given W) in the
error term Y; — 0'W;. Corollary 6 generalizes Newey and Powell’s (1990) results to
the case where the sequence {(Y;, W/)'} is weakly dependent and heterogeneous, as
in (AT7). Unsurprisingly, when the data is iid and g, linear, the bound V;? reduces to
VO =a(l — a){E[(f2(qa(Ws, 00)))*W,;W/]} 7! derived by Newey and Powell (1990).
In the second time series situation of interest, the residuals themselves are corre-
lated in addition to being heteroskedastic. Note that this situation is not covered in
Newey and Powell’s (1990) model; however, our assumption (A2) does not exclude
the possiblity that {e;} be correlated. So far there exist no results on semiparamet-
ric efficiency bound which cover this dependent case. To the best of our knowledge,
Corollary 6 provides the first result on semiparametric efficiency for nonlinear (and

possibly censored) conditional quantile models when the data is dependent.

5. Proofs

Proof of Theorem 1. First, note that (A3)-(A4) together with the compactness of the
parameter space O, are sufficient conditions for 61 to be consistent for 920 €0 (see,
e.g., Theorem 2.1 in Newey and McFadden, 1994). We now show that §° = 6, for
any 7' > 1 if and only if Ur(+) is of the form defined by functions A(-,-) and B(, ")

in Theorem 1. We treat the two implications separately.
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STEP 1 (sufficiency): By (A4)(i), Vo E[U7(0)] = T~ 3°[_, E[Vep(Yy, ¢a(Wi, 0),£,)].
From the expression of ¢(-, -, ), twice continuous differentiability of A(-,&,) a.s.—on
Qforany t, 1 <t < T,T > 1, and (A2) we have E[Vop(Y:, qa(Ws,00),&,)] =
E{Voqa(Wy,00)a(qa(Wy, 00), &) E[L(ga (W, 00) — Y:) — alWi]} = 0,a.s. — P, so that
VoE[Wr(6p)] = 0. Similarly, AgE[Ur(80)] = T3, E[Awe(Yi, qu(Wr, 00),€,)]

where for any ¢, 1 <t < T,T > 1,

E[Aggo(Ye, a(Wi, 60),&4)]
= E{V9qa(Wi,00)Voqa (Wi, 00) a(qa (Wi, 0), &) E[0(qa (Wi, 00) — Yi) W]}

= E[verz(Wty QO)VGQa(Wty 90)/a(qa(Wt7 90)7 gt)fto(qoé<wt7 90))]7 (8>

where f{(-) is the true probability density function of Y; conditional on W;. We now
show that AgyE[¥r(0o)] > 0. By using (8), X'ApE[¥7(0)]x = 0 for any y € R*
only if 77137/ E[X'Voqa(We, 00)Voga(We, 00) xa(qa(Wr, 00), &) £2 (g0 (Wi, 60))] = 0.
Now, note that for any ¢, 1 <t < T and T > 1,

EX'Voqa(Wi, 00)Voqa(Wi, 00) xa(ga(Wr, 00), &) 11 (4a(Wr, 60)))]

= E[(X/V(J%(Wt, 90)>2Q<Qa(Wt7 90)a£t)f?(9a(Wt, to))] = 0, (9)

for any y € R¥, since a(q. (W, 00),&,) > 0,a.s. — P and f2(ga(Wi,00)) > 0,a.s. — P.
Taking into account (9) we have that x'AggE[U7r(0y)]x = 0 for any x € R* only if
E[(X'Voqa(Ws,00))2a(qa (Wi, 00),€,) A (qa(Wi, 00))] = 0 for all ¢, 1 <t < T, T > 1.
Using again the strict positivity of a(-,&,) and f(-) this last equality is true only if
X'Voqa(Wi,00) = 0,a.s. — P, for every ¢, 1 < ¢t < T, T > 1. This, with (A1)(iii),
implies that y = 0. From there we conclude that AggE[¥r(6y)] > 0 and therefore
0o is a minimizer E[¥7(#)] on O©. Since by (A4)(ii) this minimizer is unique, we have

that for any T' > 1, 020 = 6y which completes the sufficiency part of the proof.
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STEP 2 (necessity): Given the differentiability of E[Ur(6)] on © by (A4)(i), a
necessary requirement for #° = 6 is that the first order condition VyE[¥7(6,)] = 0

be satisfied, which is equivalent to

T
Til t—zjl E{VOQa(Wta GO)E[%s<tha QQ(Wta 60)7 ft)lwt]} =0.

Since the above equality needs to hold for any 7" > 1, any choice of conditional
quantile model M and for any true parameter 6, € é, we need to find a necessary

condition for the implication

E1(qga(Ws,00) = Y;) —alWy] = 0,a.s.— P (10)

= E[%s(nﬂqa(WbeO);ét)’Wt] =0,a.s. — P,

to hold, forall¢t,1 <t < T,T > 1, and all absolutely continuous distribution function

F? in F. We now show that

g_ﬁ(nv qa(th 90)7 gt) = a(qa(Wt7 00)7 ét)[ﬂ(qa(th 00) - Y;) - a]v a.s. — P7 (11>

for any 6, € O and any t, 1 <t <T,T > 1, where a(+,&,) : R — R is strictly positive
a.s. — P on Q, is a necessary condition for (10). Using a generalized Farkas lemma
(Lemma 8.1, p 240, vol 1) in Gourieroux and Monfort (1995), (10) implies there exists

a W, -measurable random variable a; such that
2 (Y, 4o (Wi, 60), &) = ai[(ga(We, 60) — Y1) — o, a.5. — P.

Since the left-hand side only depends on Y;, ¢.(W;,0y) and &,, the same must hold
for the right-hand side. Hence, a; can only depend on ¢g,(W;,6p) and £, and we can
write a; = a(qa (W4, 00),&,); so (11) holds. We now need to show that a(-, &,) is strictly
positive a.s.— P on Q. A necessary condition for 6, € © to be a minimizer of E[U(6)]

(in addition to the above first order condition) is that for every x € R¥ the quadratic
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form x'Agg E[Ur(6p)]x = 0 (existence of Agg E[Ur(0)] is ensured by (A4)(i)). Taking

into account (11) and our previous computations leading to (8), we have

X/AHGE[\IJTMO)]X = T71 é E[(X/VGQQ(Wta 60))2a(qa(Wt7 ‘90)7 gt)f?(qu<Wt? 90))]

Hence, the quadratic form x'AgyE[V7(0y)]x is nonnegative for any 7" > 1, any con-
ditional quantile model M, any true value f, € © and any conditional density fO(-),
only if a(qa(Ws,60),&,) = 0,a.s. — P, for all t, 1 <t < T,T > 1. Note that the
uniqueness of the solution #y implies that a(q,&,) > 0,a.s. — P for any ¢ € Q and for
all t, 1 <t < T,T > 1. Using the continuity of ¢(Y;,-,&;) a.s. — P on Q in (A3)(ii),

the necessary condition (11) then integrates into

(1 = )[A(ga(Wy, 00), &) — A(Ye, &) if Ve < qa (W, 00),
_a[A(QOz(Wta 60)7 Et) - A(Y;‘/a 575)]? if Y:f > qa(Wt; 90)7

B(Y;,&,),a.s. — P, where for every t, 1 <t < T,T > 1, A(+,&,) is an indefinite

o(Ye, oWy, 00),&,) =

integral of a(-,&,), A(q,&,) = [Pa(r,&)dr, a € R, and B(-,§,) : R — R is a real
function. Note that the above equality has to hold for any 6, € O so that for every t,

1<t<T,T>1, 0y, q,&) =[a—1(qg—y)[Aly, &) — A(g,&,)] + By, &), a.s. — P,
on R x Q x E,. O

Proof of Theorem 2. To show that Theorem 2 holds, we first show that under primi-
tive conditions given in (A1)-(A3) and (A5)-(A8), Oy is consistent for 6y, i.e. 7 —60y =
0. We proceed by checking that all the assumptions for consistency used by Ko-
munjer (2005) in her Theorem 3 hold. Given that her proof of consistency for the
family of tick-exponential QMLEs derived in Theorem 3 does not require any as-
sumptions on the limits in +oo of the functions A(-,&,), it applies directly to the
M-estimator 07 defined in (A3). Assumptions A2 and A3 in Komunjer (2005) are

satisfied by imposing our (A6) and (A5), respectively. The a-mixing condition A4 in
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Komunjer (2005) and the assumption that W; is a function of some finite number
of lags of Z; stated in A0.iv in Komunjer (2005) are used to ensure that {(Y;, W})'}
is a-mixing of with a of the same size —r/(r — 2), r > 2. Here, we directly im-
pose the mixing of the sequence {(Y;, W/)'} in our (A7), which is sufficient for the
proof of Theorem 3 in Komunjer (2005) to go through. Finally, the moment con-
ditions A5 in Komunjer (2005) directly follow from our (A8) and the fact that
E[supgeo |Voqa (Wi, 0)|] < max{1, E[supyeo |Voqa (Wi, 0)[]} < co. Hence we can use
the results of Theorem 3 in Komunjer (2005)—corresponding to the case where the
conditional quantile model is correctly specified (A2)—which proves the consistency
of #p. Similarly, we derive asymptotic normality by using the results of Corollary 5
in Komunjer (2005). The boundedness of the second derivative of A(-,§,) contained
in assumption A3’ in Komunjer (2005) is directly implied by (A5). The moment con-
dition in assumption A5’ in Komunjer (2005) follows from our (A8). Finally in our
setup we have assumed that the true conditional density f(-) of Y; is strictly positive
and bounded on R, which verifies assumption A6 in Komunjer (2005). Hence, from
Corollary 5 in Komunjer (2005) we know thaty/T(39.)~/2A% (07 — 6,) < N(0,1d)

where AY. and XY are as defined in Theorem 2. O

Proof of Theorem 3. The proof of this theorem is done in two steps: we first show that
V2 is the lower bound of the set of asymptotic matrices (A%)"'S%(A%)~! obtained
with functions A(-,&,) satisfying the conditions of Theorem 1. Then, we show that
V2 is attained by a particular M—estimator that satisfies (A2). It then follows that
V2 is the minimum asymptotic variance.

STEP 1: This part is inspired by a similar result by Gourieroux, Monfort, and
Trognon (1984). Let VP be as defined in Theorem 3 and consider the difference

(A) 7139 (A%) "1 —V2. We show that this difference is positive definite for any A(-, &,),
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1<t < T, T > 1, in Theorem 1, by writing (A%) X3 (A%) " = V2 = V2V VR —
VPAT(AT) ™ = (A7) T AZVE + (A7) T E7(A7) 7! Then we have (A7)7'53(A7) " —
Ve = [a(l — ) 'T! iE[XtXH7 where for every ¢, 1 < t < T,7T > 1, we let
o = L9000 (W B0))VE (1)l W, 60), ) (A) 1T (Wi, ). and afy &) =
0A(y,&,)/0y as previously. Hence, for any A(-,§,), 1 < t < T,T > 1, such that

a(-,&,) > 0,a.s. — P on Q, the matrix (A%)"'X9.(A%)~! — V}? is positive semidefinite.

STEP 2: We now show that, under (A1)-(A2), (A6)-(A7) and (A8)(i), this lower
bound V3 is attained by the M-estimator 6 whose objective function Wk(f) =
TS (Vi qu(Wi0),€) s such that p(Yi, g0 &) = [ — (g — V) [FA(YS) —
F(q)],a.5s. — P on R x Q x E, for every 1 <t < T,T > 1. Note that the shape
& corresponds to the true conditional distribution FP(-) which is stochastic and W;-
measurable thereby satisfying (A3)(i). Moreover, F?(+) is twice continuously differen-
tiable with bounded f?(y) and |df°(y)/dy|, which satisfies (A3)(ii) and (A5). Since
F?(-) is bounded by 1 the moment conditions (A8)(ii) hold. Hence, we can apply Theo-
rem 2 to show that, under (A1)-(A2), (A6)-(A7) and (A8)(i), 65 with A(-,&) = F2(-),
is asymptotically distributed as vT'(£9)"V2A%67 — 6y) % N(0,1d) with %9 =
a(l = a)Af and Ay = T 300 E{[f(da(We, 00))]*Voda(We, 00) Voda(Ws, 60)'}, so
(A ISHAD) T = V. .

Proof of Theorem 4. To prove (i) and (iit), we start by showing that for any 6 €
©\{0o}, the function f;(-,0) in (7) is a probability density, for all t, 1 <t < T,7T > 1.
First, note that for any 0 € ©\{6y}, f;(-,0) is continuous and f;(-,0) > 0 on R.
Thus it suffices to show that [ g Ji(y,0)dy = 1. Consider the change of variable
u = N0)F2(y), where \(0)FP(-) is strictly increasing in y since A\(8) = A(0 — 6y) > 0

and f2(-) is strictly positive (so du = \(0) f2(y)dy). To simplify the notation, we let
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q:(0) = qo (W4, 0). Noting that T(q(0) — y) = TIN(O)F(q:(0)) — u], we have
_ POREO) a1 — a)exp{(1 — a)[u = MNO)E(a(0))]}
/ft 0.0 /0 1 — exp[—(1 — a)A(0) F(¢(0))] .

ME) a(l — a)exp{—alu — M) F(¢(0))]} "
" /A(&)Fp(qt(o)) 1 — exp{—a(0)[1 — FO(C]t( Ik !
= a+(1l—-a)=1,

which shows that f;(-,0) is a probability density for any 6 € ©\{0,}. We now show
that this is also true for 6y and that f(-,00) = f2(-). For this, let P,(0) = a(1 —
a)A(0) exp{A(O)[F}(y) — F'(q:(0))][1(q:(0) — y) — ]} and Q4(0) = 1 — exp{A(O)[1 —
FO@(0)) — a(8) — y)][Ma(6) — y) — al}, so that f7(y,0) = fOw)P(6)/Qu(6).
By (A1)(ii), the functions P, and @, are at least twice continuously differentiable
on © a.s. — P; thus for every (6,6;) € ©% we can write their respective Taylor
developments of order two. Straightforward though lengthy computations show that,
for any function A(f#) = A(6 — 0y) such that VyA(0) = 0 and AyyA(0) nonsingular,
we have P,(6y) = 0, D'P,(6y) = 0, D*Py(6y) = (1 — a)D?*\(6), and Q4(6p) = 0,
D'Qq(0y) = 0, D*Q(00) = (1 — a)D?*\(6,). Hence

P(0) = 1a(l—a)D*X(60)(0 — 60o)* + o(|0 — 6o?), (12)

Qu(0) = Sa(l—a)D*X(6o)(0 — 0)* + o(|0 — 6ol*). (13)

Given the nonsingularity of AggA(0), an immediate consequence of I’'Hopital’s rule and
(12) — (13) is that limg_g, P,(0)/Q:(0) = 1. Hence by a.s. — P continuity of f;(y,-)
on O, we have, for any y € R, f(y,00) = limg_q, f;(y,0) = f(y). This shows that
f7(-,0) is a probability density for any # € O, and that f7(-,6p) = fP(-), so that
10 € P*, as desired. It remains to be shown that this parametric model P* satisfies
the conditional moment restriction in (i7) for all § € ©. This restriction is clearly

satisfied when 0 = 0y as f7(-,00) = fP(-) and [0y, f2(+)] satisfies (A2) by assumption.
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When 6 # 6y, we have

qt(0

)
Ey[1(a:(6) — Y)Wi] = / £ (y.0)dy = o,

where we have again used the change of variable u = \(0)F?(y). O
Proof of Theorem 5. We now consider the MLE é*T which maximizes the log-likelihood
Lp(0) = T7' Y2, In (Y, 6).

STEP1: First, we establish the consistency of é*T by checking that conditions (i)-
(iv) of Theorem 2.1 in Newey and McFadden (1994) hold. Given (A1)(i) we know
that In f;(Y:,0) # In £ (Y;, 6p) a.s. — P, whenever 6 # 0 (see Figure 1 for example);
this verifies the uniqueness condition (i) of Theorem 2.1. The compactness condition

(ii) of Theorem 2.1 follows by assumption. Using ¢:(6) = ¢o (W3, 0) we have

In f (¥;,0) = In[a(1 — ) f{ (Y)] + In A(0) + MO)FY (V) — F}(:(0))][1(g:(0) — Vi) — o

—In (1 — exp{A(0)[I(q:(0) — ¥o) — o[l — L(qe(0) — Yo) — F(a:(0)]}) .

showing that E[ln f; (Y}, 0)] is continous on © and that Efsupy.e | In f(Yz, 0)"7] < o0
forallt,1 <t <T,T > 1, and € > 0; this verifies condition (iii) of Theorem 2.1. We
show the uniform convergence condition (iv) of Theorem 2.1 by following the same
steps as in the proof of Theorem 3 in Komunjer (2005). To simplify the notation let

2(0) = [1(q(8) — Y1) — ][l — T(gu(6) — Vi) — F2(¢s(6))] and u(z) = ——=

1—expz’
for 6 € © and z € R_. Note that —1 < z(f) < 0 and —\(f) < A(#)z(f#) < 0 on ©
a.s. — P. We have

Voln f7(Y:,0) = 57 + VeAO)[F (V) = F(4:(0))][1(g:(0) — Y;) - o
= X(O) £ (%(0)Vogu (0)[T(g:(0) — Vi) — o] + u(A(0)x(0)) Vo(A(0)z(0))

+ MO F (Ye) — F(:(0))]0(a:(0) — Yi) Vo (6) (14)
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where Vy(A(0)x(0)) = VoA(0)x(0)+A(0)Vex (), and Vez(0) = { fP(¢:(0))[a—T(q:(0)—
Y] + 6(q:(0) — Yi)|a — F2(q:(0))]}Veq: (), given that [T(-)]? I(-). Note that
u(z) = —1/2 — 1/2 + o(1) in the neigborhood of 0, and that A(#)z(0) = o,(1) in
the neigborhood of 6y, so u(A(0)x(0))Ve(A(0)z(0)) = —%9()9) - Vx%e()a) + 0,(1) in the

neighborhood of #y. In particular, combining the above results, we get

* _ 72(q:(00)) [a—L(ge(00)—Y2)]+6(g¢ (00) —Ye) [a— FO(Qt(eo))}}
Voln ££(Y;,00) = Ve(lt(eo){t {uhle o) Yol B oo

= —ai=ay Vo (00) f{ (4:(00))[L(q:(6o) — Yi) — (15)

where the second equality uses z(6y) = —a(l — ) and F?(¢(6p)) = . Using —1 <

x(f) < 0on O a.s. — P so that vg/\ {1 + A(0)x(0)u(A(0)x(8))} < |x(0)VoA(0)], we

then have

sup [Voln f (Y, ) < 28up [VeA(0)] + sup |A(O)| Mol Voa: (6)] +
S S

5 o5 _
+Cl§2§ o) v -F@on | &5 T B (16)

where Cl = Supme[o,supee@)\ ’ ‘ < oo. We have SUP¢>1 SUPgeco Fto(qt(9>> =

1—exp(—
(a,b), a > 0, b < 1, so Cy = sup;s; SUPp,ep SUPpee (|1 — L (8) — y) — F(q(0))]7")
< 00, and the last term of the above inequality is bounded above by CiCy M supyee
|Voq:(0)]. From (A8)(i) E[supgee |Voaqi(0)|] < 00, so Elsupgee |Voln £ (Y1, 0)]] < oo
forallt, 1 <t <T,T > 1, which shows that equation (25) in Komunjer (2005) holds;
together with (A7) and Elsupgee |In f(Y:,0)"] < oo forall ¢, 1 <t < T,T > 1,
this establishes condition (iv) of Theorem 2.1 and completes the proof of consistency.

STEP2: We now show that the MLE é*T is asymptotically normal by checking that
conditions (i)-(v) of Theorem 7.2 in Newey and McFadden (1994) applied to VyL7(0)
hold. We first establish the asymptotic first order condition /T VgLT(é*T) 20 by

following the same steps as in the proof of Lemma A1l in Komunjer (2005): for every
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j=1,...k, let @*Tj(h) be the right-derivative of f}* i(h)y =T S In A (Vs Op +
he;), where {e;}¥_, is the standard basis of R, and h € R is such that for all
j=1,...k, QT + he; € ©. Since for every j = 1,...,k, L}J(O) = LT(OT) SO
that the functions h — INJ}J(h) achieve their maximum at h = 0, we have, for ¢ >
0, Gi;(e) < G5;(0) < Gij(—e), with Gj,(e) < 0 and G} ;(—¢) > 0. Therefore
|C~¥}](0)| < G'*TJ(—S) — G'*Tj(e) By taking the limit of this inequality as ¢ — 0, we

~ T .
get G, (0)] < T X201+ 21] [| 292 | + A0 £2(a(7) 2552 | 1au() = Vi),
=1

Hence

(\/_]VQLT( )]>€)\P<\/_maX]G ()|>g)

1<i<k

< (E [l

t=1

MBS0 (07) 2572

| M) =) > VT (1420 )

That P(1{g(05) = Y;} # 0) = 0 and E[‘ OA(0r)
then ensure that limy .., P (\/_|V9LT( )| > 6) = 0. Condition (i) of Theorem 7.2

’)‘ 07) 7 (thT))aqt(aT) ] is bounded

follows from the correct specification of f;(-) (see (iii) in Theorem 4). By (A6), 6,
is an interior point of © so that condition (iii) of Theorem 7.2 holds. We now check
the differentiability of F[VyLr(0)] and the nonsingularity condition (ii) of Theorem
7.2. We have E[VyLp(0)] = T~ 3.1 E[VyIn f7(V;,0)]; using (14) the latter is eas-
ily shown to be differentiable at any 6 € ©. We now show that VyE[V,Ly(6y)] =
TS0 E[AggIn (Y, 60)] and that the latter is nonsingular. We have du(z)/dz =
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u(z) + [u(2)]?, hence, for any t, 1 <t < T,T > 1,
AgoIn f; (Y7, 0)

= S5 — TR+ AapAO)[FY (V) — FL(a(6))][1(a(6) — Vo) — o

A(0) ROIE
+ 2V M (0)Voar(0) { 2(a(0)) e — L(qu(8) — Y0)] + 6(a(0) — YD) [P (V2) — F(:(0))]}
+ A(0) Ve (0) Voau(0) {dff<§;< ”[a (g (0) — Y2)] — 26 (2:(0))d(q:(0) — V)
HEP (V) ~ LD L u(A(8)2(8) Ao (A(O)(0))
+ A(0) Ao (0 {ft u(0)[er = Wi (0) — Vo)) + [FP(Ye) — F(q(0))]6(:(6) — Y1) }
+ [u(A(0)z(9)) 0))’] (V Vo(A(0)z(9)))', (17)

where Agg(A(0)2(0)) = AggA(0)z(0) + 2V A(0)Voz(0) + A(0) Agex(6) and
Bag(0) = { LD 0 — Tqu(0) — Y] — 20 (@(0))6(a:(0) — V)
+ B0 — F2(q,(6))] } Voar(6) Voa(0)
+ {2 (a0 — T(qe(0) — YD) + 8(q:(8) — Yo)la — FY(q:(6))]} Do (6).

Now, note that u(z) + [u(2)]* = 1/2% — 1/12 + o(1) in the neighborhood of 0 so that

[u(A(O)2(0)) + u(A(O)2(0))*] Vo (A(0)x(0)) Va(A(0)x(6))

 VaA0)VeA(0) VoA 0)Voz(0)
= her T2 00

+ Vo () Vo (0) {£2(q0(6)) BRI 454, (9) — vy @Oy 4 o (1) (18)

in the neighborhood of 6. Similarly,

u(A(0)2(6)) oo (A(6)(6))

_ DepA(0) lA 9)\(9):5(9) _ 2V0/\(9)V9ﬂ?( )

YO A(0)z(0)
-1 P(at t\V)— - a—F (gt
—Veqt(Q)Voqt(Q) {dft (;1;(9)) o (;h(((g) Yy _2ft (g (6)25((0(1) (0)—Y?) + dé(qt(deq) Y) | P;Z((eq) (9))}}

— D0 (0) { £ an(0)) 2L 1 6(g,(9) — vy TR 4 0,(1), (19)



38 Komungjer and Vuong

in the neighborhood of #y. Combining (17) with (18) and (19), we then get that, for
any t, 1 <t < T, T > 1,

AgoIn f7 (Y1, 0)

= DgpA(0) {[F7 (Y1) — F(@(0))][1(:(0) — Y)) — o] — 52(0) }

+ Vo (0)Voq: (6 {f W""M%(Q)—K)%}Q
— Vg (0)Voq,(0 {d qt(? Yol _ 2f?(qt(6))xé((9q)t(6)—n) i d&(qt(deq)fm [a_F;O((Gq)t(g))}}
~ Dopau(0) { /¢ w»% + 0(g(0) — Yp) =IO 1), (20)
in the neighorhood of y. Using a = F?(q,(6y)) and :E(HO) = —a(l — a) we have

|Ago In f7 (Y7, 00)] < g\Aee)\(eo)!+|V9qt(90)va%(90)/’( )]2 + ( =5 1200 (00)] %

% + 0,(1), with |AgeA(6p)] < oo. From (A8)(i) E[|Veqi(00)Vaq:(6p)'|] < oo and
E[|Apqi(00)|] < oo, which shows that the expectation of the right hand side of the
above inequality is finite; hence Vo E[VyIn f7 (Y, 00)] = E[Age In f (Y3, 0p)] for any ¢,
1<t<T,T>1andso VeE[VyLp(0o)] = T3, E[AgeIn f(Y;,00)] as desired.

Now consider E[AggIn f(Y;, 0p)]; for any ¢, 1 <t < T,T > 1, we have

E (Do (B0) {[FL(Y) — F(a(60))] [L(ar(80) — ¥7) — o] — 22(60)})
= AgpA(B0) [E ((F(Y,) — a][1(ai(80) — Yi) — a]) + 2a(l — o)

= AgpA(0o) [—2a(1l — ) + (1 — @)] =0,

since

q+(0o) +oo
=(-a) [ [Fy) - dfiydy —a £)[Ft0(y) —a]f{(y)dy
— (- o) [4E) - aP]" — afbFw) - aP] = —lai-a)



Semiparametric Efficiency 39

In addition, a = F?(q:(0)) and z(0y) = —a(l — a) so

0 2
E (vgtho)vaqt(eo)/ { 12(au(00)) =100 1 6(g,(9) — v le=LEfanoll | )

0(qs 20— (s (60) Y32
=F <VGQt<90>V0qt(90)/Et { [ff (g (90))]a£(17a()¢12 (60)-Y7)] })

= F <V9qt(90)V9qt(90)IW) )

where the last equality uses E; ([(¢:(60) — Y;) — a?) = a(1 — a), a.s. — P. Similarly,

df0(g(60)) a—1 - 0(q¢(00))8 (g (00)—Yz 5 ~Y;) [a—F°(g:(0
E (Veqt(eo)veqt(go)'{ If{ (?iq( 0) [ (zézn;) YOl _ o i 0)1)(6('3)( 0)—Yi) + d (%(Zg) Ye) | ;(({;10)( 0))] })

_E (V 06:(00)Voq: (60)' E, {df?(qt(eo)) [Mqe(00)-Yi)—a] | 2f$<qt<622fgz;<)eo>—m })

dq a(l—a)

=2LK (Ve%(eo)VGQt(Qo),—[fto(qt(eo))]z> ,

a(l—a)

where the last equality uses E; (I(q:(6p) — Y;) —a) = 0, a.s. — P and Ey(0(q:(6o) —
Y;)) = f2(q:(00)), a.s. — P. Finally, by the same reasoning E(Aggq:(00){f>(q:(00)) %
[‘l_mﬁw + 0(q:(0o) — Yt)[o‘_ff((%}) = 0. Combining the above results then
yields, by (20), E[AgIn f; (Y3, 60)] = _E(Ve%(@o)vo%(@o)IW)y for all ¢, 1 <
t <T,T > 1. So for any x € R¥, x'VoE[VLr(60)]x = =T~ 3 1_; E(|Veai(60)'x|?x
W) < 0, with equality if and only if y = 0. Hence VyE[VyLr(6y)] is negative
definite (therefore nonsingular). We now check condition (iv) of Theorem 7.2 by using
a CLT for a-mixing sequences (e.g. Theorem 5.20 in White, 2001, p.130). By (A7),
for any 6 € ©, the sequence {VyIn f7(Y;,0)} is strong mixing (i.e. a-mixing) with a
of size —r/(r —2), r > 2 (see, e.g., Theorem 3.49 in White, 2001, p.50). Moreover,

using (14) and (A2), E[Vg1In (Y}, 00)] = 0 and using (A8)(i), E[|VeIn £/ (Y3, 60)|"] <
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{My/[a(1 — )]} Elsupgee |Voqi(6)]'] < o, for all ¢, 1 <t < T,T > 1. Now,

T
Var (T1 t_z:l Vo ln f (Y, 90))

T
=E (Tl > Voln (Y, 00)Veln f7 (Y, 90)/)

T
't ]I t t _a2
( Z g (Bo)) [a[l(qa()P) Yi)—o] VeCIt(@o)VeCIt(@o)/) =V7

where the first equality uses E; (Vgln f(Y;, 6p)) = 0, a.s. — P, implied by (A2),
and the last equality uses E; ([1(¢:(0y) — Y:) — a]?) = a1 — «), a.s. — P. Applying
Theorem 5.20 in White (2001) we then have (V2)~/2\/TVyLy(6,) <, N(0,1d) with
V2 as defined in Theorem 3. Finally, we check the stochastic equicontinuity condition
(v) of Theorem 7.2 by veryfing that all the assumptions in Theorem 7.3 in Newey
and McFadden (1994) hold. (The main reason for using Theorem 7.3 is that it does
not put any restrictions on the dependence structure of {(Y;, W}/)'}.) For any ¢, 1 <
t < T,T > 1, let re(0) = [Voln f7(Y:,0) — Voln f7 (Y, 00) — DeoIn f7(Y2,0)'(0 —
00)|/10 — 6|, for 6 € ©. Using u(z) = —1/z — 1/2 + o(1) in the neighorhood of 0 and
A(0)x(0) = 0,(|0 — 6p]) in the neigborhood of 6y, we have, from (14), (15) and (17),
ri(0) < rgl)(G) + 7”52)(6) + rt(3)(0) + 0,(1), where

[VoA(6)—AgaA(8)' (6—60)]

r(0) = [P0 = F(@(O)M(a(0) — Yi) - a] -

|6—00]
2 9(qe(0 FP(qe(0)—2FP (Yi)+at| [AO (0
i (0) = | S M(q(0) — Yi) — o] + 0(qu(0) — i) [Fete | Bl
(3) _ | Vex(0) Voz(00) Agox(0) (0—600) Voz(0)Vez(0) (0—00)
2 0) = |y — Sa — ey TR [ /10— o).

With probability one, 7”(8) < 2|VoA(0) — AgpA(8) (0 — 65)|/|0 — 6| for any 6 €
©. Given that A(+) is twice continously differentiable on R¥, with probability one

Tlgl)(@) — 0 as § — 0y and there exists £; > 0 such that E(supyce.p_g,(<c, ri(9)) <
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0. Now, note that | f2(q.(0))[1(q(0) — Y;) — ]| < M, for any 6 € O, so

) < %{MO +6(q:(0) — Y)[F(q:(0)) — 2F2(Y;) + a]}%

< {0+ 5(a(0) — YOIF (u(6)) — 2F(Y) + ] [V6A(0.)] - [Voqu(6)

for some 6. = ¢y + (1 — ¢)0 with ¢ € (0,1). Hence, using the fact that VyA(-) is
continuous on R¥, that VyA(0o) = 0 and that §(q:(0o) — Y)[FL(q:(00)) —2F2(Y;) +a] =
0, with probability one rt(z)(ﬁ) — 0 as § — 0y. Moreover, for some 0, = dfy+ (1 —d)0,
de (0,1),

2
B (Sup96é:\9—90|<51 Tg )(9>)

<B ( Csup {8 By (5(a(6) — Y| 2L — FO(y;) + %|>}|vex<ec>nv9qt<e>r>
0€6:|0—00|<e1
< D0 e, VA0 | B (5Dgeeoag <, Vo (0)])
+MoE ($UPgcro-ag/<c, Vo0 (8) |V oal0a)]) | < o,
where the last inequality uses the continuity of VyA(-) on R¥, (A8)(i) and the Cauchy-
Schwarz inequality. Finally, let 7,(0) = [x(00) — z(0) — Vz(0)'(0y — 0)] /|0y — 6| and
R.(0) = [Vox(0y) — Vez(0) — Agex(0)' (6o — 0)] /|00 — 0] and note that with probability
one SUPpcg.g_po|<, |72(0)] — 0 and supgeg g go<c, [Ra(0)] — 0 as 6 — 6. This

implies that with probability one r§3)(0) — 0 as 0 — 6y. Moreover
3
B (SUPaeé:\a—eo|<al 735 )(9))
< B (5byeayo_gyice (72 (0)] + | a0/ 2(0)])
< E (Supeeé:|e—90\<gl[1/|x(0)|] <Supeeé:|0—90|<el 72(60)] + SUPgecd:10—00|<e1 |R$(0)|>> <00

where the last inequality uses sup,; supycg Fy'(¢:(#)) € (a,b) witha > 0and b < 1, so

Cs = sup,z, 5up,ep Swbpeo (|[M(a(8) = Y2) — alll = Wa(0) — y) = F(@()]| ") <
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oo. Combining previous results then gives that with probability one r,(6) — 0 as
6 — 6y and that F <sup9€é:‘9790|<51 rt(0)> < 00. It remains to be shown that for all
f in a neighborhood of 6, we have T-' S AgyIn f#(Y;, 0) 2 V4E[V,Lr(6)]. By
(A7), for any 6 € O, the sequence {AgyIn f7(Y;,0)} is strong mixing (i.e. a-mixing)
with a of size —r/(r — 2), r > 2 (see, e.g. Theorem 3.49 in White, 2001, p.50).
Now, given 6 € O, there exists 6, = afy + (1 —a)d, a € (0,1), such that for any
1> 0, we have P(5(q:(0) — Yo)la— FY(@(0)] > 1) < B(la — FO(ai(0)|f2(a(6)))/n <
10— 60| E(|Voa:(0a)| £ (q:(0a)) 17 (:(9))) /1 < |0 — 00| MG Elsupgee [Vogi(0)[]/n, so that
in a neighborhood of 0y, 6(q:(0) — ;) |a — FP(¢:(0))] = 0,(1). Similarly, P([dd(q:(6) —
Vo) Jdgl o — FOa(0))] > 1) < Blla — Fa(O)|dr(a(6))/dg)/n < 16 — 0| oMy x
E[supgee |Voq:(0)|]/n, where the first inequality uses the fact that FEi(do(q:(0) —
Y;)/dq) = df?(q:(0))/dq, a.s. — P. From (20) we have that for any ¢, 1 <t < T,T > 1,

Ag@ ln ft* (E/t, 9)
= DopA(0) {[F (V) = F(qu(O))[1(:(0) — ;) — o] — J2(0)}
o Dol O L (12 (0) o = Wau(8) = Y))” + (0(an(8) — Yi)ler — F(an(8)))

~a(0) T [0 — W(qu(0) - Y0)] + 2(0) P4E0 0 — (@ (0))]]

2

— 2ot 0 £ 12(qu(0)) e — W(an(8) = Y2)] + 6(u(6) — V)l = FP(@(0))]} + 0,(1),
in a neighborhood of 8y, which then gives
Agg ln ft*(Y;, 9)
= DaoNO) {[F2(Y) — F2(a:(0)][1(0:(6) — i) — o] — 1(6)}
o Do DR O L(f2(qu(0))ler — War(0) — ¥))* = 2(0) e — W(g(0) - ¥;)] |

— 2oa) £ 19(4,(0)) [ — W(ge(0) — Y2)]} + 0,(L).

Hence, for a given € > 0, there is a positive constant n,. . such that |Agg In f7(Y;, )" <
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n | Bap MO (5/2)74 + [Vgau(0) Voqe (0)'" 2 C5T ) (M3 + My)™= + | Aggau (07
Cy™eMg*e} + 0,(1), in a neigborhood of 6y, and so using (A8)(i) and the fact that
|AgaA(0)| < oo in a neighborhood of 0y, we have E[|AggIn f(Y;,0)]"™] < oco. The
weak LLN then follows from Corollary 3.48 in White (2001). This completes the proof

of asymptotic normality of the MLE é*T O
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